As a corollary to a previous work, a new exact numerical series is deduced for the Biot number for the case of elementary geometries. This series is rapidly converging, allowing a very accurate approximation when truncated at its first term. On the basis of this first approximation to the series, the equation is generalized and proposed to indirectly estimate the Biot number for regular geometries. 
Introduction
The surface heat transfer coefficient is a key parameter in the calculation of heating/chilling time, and hence in the design of facilities for thermal treatments of foods (hydro-cooling, air-cooling, cooking, etc.).
In heat transfer it acts in boundary conditions (of the third kind) governed by Newton's law of cooling [1] , according to whom the amount of heat per unit of time that passes through a surface element which is at the temperature , to an external medium which is at the temperature is governed by the equation:
This parameter is external to the solid body being cooled/heated, but it determines its (internal) cooling/heating rate. It is linked to the boundary layer between the solid itself and the external fluid that extracts/inputs heat [2] , [3] . Its value depends on the geometry of the body, the friction coefficient and the physical properties and velocity of the fluid. To determine that value it is necessary to ascertain the energy that is exchanged with the body, as done for example by Kwon et al. [4] , who use a naphthalene sublimation technique to measure the heat yielded by the body.
Normally the surface transfer coefficient is measured indirectly, as reported in the reviews [5] and [6] . In elementary geometries, if the time-temperature history is measured experimentally at a certain point, the Biot number can be derived indirectly. This method has been used by numerous authors in Food Engineering as seen, for example, in [5] , [7] - [11] . The method is based on the linear approximation reached on a semi-logarithmic scale by the temperature history after an initial time. Conduction should then be considered in a simply-shaped, homogeneous and isotropic solid suddenly immersed in a moving fluid at temperature . If the body is initially at a uniform temperature and there is no internal heat generation, the separate-variables solution to the equation for heat transfer by conduction in elementary geometries is given by the sum of a series of infinite terms [12] . In practice, this series converges rapidly and, after a certain time has elapsed ( [5] ), only the first series term is significant, and the infinite series may be approximated to its first term. On a semi-logarithmic scale this can be plotted by means of a straight line:
The constant depends on the geometric shape and the exchange of heat with the external medium (Biot number, ), but not on the internal position of the body. Actually, is the first solution of the boundary layer transcendental equation:
Which is the dimensionless expression of equation (1) . is the ratio between internal and external resistances and represents the dimensionless surface heat transfer coefficient . Constant is the "lag factor", which depends both on the Biot number and the internal position of the point in the body. In the case of elementary geometries its explicit expression is:
Where is the first of the series expansion coefficients of the complete solution and function is the spatial component of the solution ( for an infinite slab, for an infinite cylinder and for a sphere) [12] .
So, if the time-temperature history is measured experimentally at a certain point, the slope may be obtained by empirical linear regression and this value can be used to determine by solving in equation (3) . This is called the "rate method" [8] . Or if the lag factor is determined simultaneously at the centre 3 and at another point inside the body with a dimensionless coordinate , the value of the Biot number can likewise be determined-This is called the ratio method [8] . In fact, if the lag factor is measured at the geometric centre ( ), since at this point , the lag factor is .
For , its value is (Eq. 4) . Hence, if both values of are divided, the value of the function can be found. Then, by applying equation (3), the Biot number -that is the value of the surface heat transfer coefficient-can also be determined. For more complex geometries (irregular and three-dimensional in general) or for heterogeneous or anisotropic solids, a numerical calculation is required for inverse evaluation of the surface heat transfer coefficient. In this connection, as seen, for example in [13] (time-dependent heat transfer coefficient), [14] - [16] , and [17] (who additionally use an iterative process to evaluate the spatial distribution of the surface heat transfer coefficient). This paper presents a new general numerical series for the Biot number, which is mathematically exact in the case of the three elementary geometries, from which it is possible to deduce a first, highly precise approximation by truncating the series at its first partial summation. This approximation is generalized to other geometries on the basis of the regular geometries (parallelepiped and finite cylinder).
Numerical series for elementary geometries
As shown in the Appendix A, the function and the ratio can be written for the three elementary geometries as exact numerical series in the form: Sphere. In the case of an infinite cylinder, the values have been tabulated. Table I shows the first 20 roots for the infinite cylinder, and also the corresponding values of [18] . Table 1 .
It follows that series (7) is mathematically exact for elementary geometries, the same as series (6) from which it is derived. As it can be seen, its value depends only on the slope and global geometric factors, but is not dependent on internal position in the body, nor (explicitly) of the function corresponding to each particular geometry. Its dependence on the latter is mediated by its geometric constant and by the maximum values of ( . Thus, these series serve to derive the Biot number for elementary geometries from the slope of the line. Its validity is shown in Fig. 1 , where the Biot number, calculated from series (7), is plotted on the y-axis versus the real Biot number (on the x-axis). In all three geometries series (7) should lead to a single diagonal, which is depicted with solid line in Fig. 1 . Fig. 1 . Fig. 2 . Fig. 3 .
3. First approximations to numerical series (7) 3.1. Estimation of the Biot number in elementary geometries Series (6) is very rapidly convergent, and hence so is series (7) derived from it. Fig. 2 shows the deviation (%) of the partial series as a function of the number of terms taken for the sum. The reference Biot number is in all three geometries, since, as will be seen in Fig. 3 , is approximately the value for which is the error is maximum. As can be seen in Fig. 2 , the convergence is very rapid, and in any case this is always an approximation by default (value smaller than the exact value), since in any case (7) is a monotonically increasing series. The maximum error introduced in the inverse calculation of the Biot number from the value of the slope , taking as an approximation the partial sum reduced to the first term, is -1.77% for the sphere, -1% for the cylinder and -0.33% for the infinite plate. In any case the error will be less than -1.8% in the three elementary geometries, which, given that often the thermophysical constants are known with a greater degree of inaccuracy is a reasonable approximation in Food Engineering [19] . This is clearly illustrated in Fig. 3 , which shows the error (%) produced by taking the first approximation for elementary geometries (Equation 8, below) as a function of the logarithm of the Biot number. As seen, the maximum error is indeed around and diminishes rapidly to either side of this value. In this way the complete series can be approximated by means of the first partial series and thus approximate the Biot number by means of its first two terms:
depends on the slope and on the two constants that depend only on the geometry:
and .
Adding the second term, the maximum error falls to -0.40% for the sphere, -0.20% for the cylinder and -0.05% for the infinite slab.
First approximations to the Biot number in other geometries
As can be seen in Appendix B, for a paralellepiped and a finite cylinder, equation (8) can be generalized to the equation:
(9) where (10) Here, is no longer a solution of boundary equations but responds to the following expression: (11) And therefore: (12) can be written as: (13) 5 Where are the shape ratios and the components are the relevant boundary solutions. In equations (11) to (13) the summation is extended to match the number of component geometries. Equation (9) With this equation (9) the maximum error was found for a flattened square prism with a base ten times the height, in this case -7.49%; the mean deviation found for the parallelepiped and finite circular cylinder was -1.71%., and the average maximum deviation was -3.36% (this is the default deviation in all cases).
Ellipsoids
Given the general nature of equation (9), it seems reasonable to extend its use to other geometries in which the values of the three geometric constants occurring there can be determined. In the case of ellipsoids the constants that depend only on geometry can be calculated as follows:
3.3.1. Geometrical constant . This constant can be calculated directly using exact equations both in triaxial ellipsoids [20] and in ellipsoids of rotation [21] . However, it can also be calculated simply and approximately using the approximate formula for the ellipsoid surface developed by Igathinathane and Chattopadhyay [22] - [23] which can be written as follows with the present nomenclature: (14) with: ; ; ; y Thus, the geometric constant is defined as [20] :
The volume of the ellipsoid is [20] and [21] :
Thus, substituting in (15) and rearranging terms gives:
Maximum slope
The value of 1 .
Where the shortest lenth is taken as the "x" coordinate. 
Constant

Example III. Other geometries
The data are from experiments conducted on cherimoya to determine the effect of thermal shocks on the ripening process, and particularly on softening * . Thermal treatments were applied in a cabin with water spraying to permit strict control of temperature and relative humidity. The treatment was performed at an air temperature of 42ºC and 80% relative humidity until the thermal centre reached 40ºC, with real-time temperature recording for 60 minutes. Cherimoyas weighing 500 grams at an initial temperature of 15.6 ºC were placed on trays with thermocouples inserted in the peduncular region and located on the floral axis of the fruit (thermal centre) with 4 replicates per treatment. These values can be used to calculate the value of the thermophysical parameters [27] , [28] and thus obtain the following values: Thermal conductivity For the purposes of this example, the cherimoya may be considered as a prolate spheroid whose volume must be the volume of the real fruit. The radius is the lesser of the two semi-thicknesses so that the area of the smallest circular section of the equivalent ellipsoid is equal to the area of the corresponding smallest real section [24] , [25]  corresponding to this value of the newly-estimated Biot number and comparing it with the experimental value. In this connection [25] provide the following interpolation equation to calculate
With:
As can be seen, equation (21) The maximum deviation found for 2  in the three elementary geometries was 1%, and for the squarebased straight rectangular prism and the elongated circular cylinder it was always less than or in the region of 2%. Thus, substituting the values in the example gives:
As noted in the data for this example, the value derived directly from the time-temperature table is , and hence the difference is -0.96%.
Lin et al. [29] - [31] propose a method for calculating chilling times of three-dimensional shapes. The method is essentially based on the first-term approximation to the analytical solution for the convective cooling of a sphere which, when adapted to our nomenclature, can be written:
Where is the equivalent heat transfer dimensionality [19] and is the first root of the transcendental equation for a sphere. For , and for this example we deduce and hence the value of estimated by this method for is
The deviation with respect to the experimental value is 10.91% Fig. 5 shows the temperature history in the cherimoya blanching experiment. In this figure is compared the slope obtained by linear regression with the slope obtained by equation (21) 2) A practical consequence of the above is that a new exact numerical series can be deduced for the Biot number for the three elementary geometries.
3) This series can be truncated to its first term to achieve a general and accurate first approximation for indirect estimation of the heat transfer coefficient in elementary geometries.
4) The maximum error introduced in the inverse calculation of the Biot number with this approximation is less than 1.8% in the three elementary geometries. 5) This first approximation can be generalized to indirectly estimate the the heat transfer coefficient in regular geometries (parallelepíped and finite cylinder) to give a very general expression in which elementary geometries fit as a particular case.
6) The maximum error was found for a flattened square prism with a base ten times the height, in this case -7.5%; the mean deviation found for the parallelepiped and finite circular cylinder was -1.71%, and the average maximum deviation was -3.36%. 7) Because the approximation described in conclusion 5 is so general, it is suggested that the equation may be applied to ellipsoids.
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The data for Example III were taken from the project entitled "Strategies to optimize the marketing of cherimoya using low-cost, non-pollutant post- (5), (6) and (7) in paragraph 2 of this paper involves two other series, which need to be substantiated beforehand. To address that issue, this Appendix is divided into three separate parts. The first sets out the deduction of these two prior series, and the second and third series (5), (6) and (7), which are the actual subject of this paper.
Part one: Prior series (derived from the no heat generation case)
In the no internal heat generation case the separate-variables solution to the Fourier equation in homogeneous and isotropic elementary-geometry solids with uniform initial temperature and with boundary conditions of the third type can be written dimensionlessly as follows [12] : This series (A-13) increases for all cases to the value of convergence , and is valid for all three geometries. In contrast, the series (A-12) (which is an alternating series) is valid only for the flat plate and the infinite cylinder. The terms of the particular expressions of series (A-12) and (A-13) for the flat plate and the sphere can be rearranged to lead to well-known numerical series included in handbooks of mathematical tables [32] . However, the series (A-12) and (A-13) are also valid in the case of the infinite cylinder. In this case     In (B-8) the Biot number can be resolved, giving:
Which is a generalization of (B-3). The generalization of (B-2) will then be:
(B-10)
As seen in the previous paragraph, in the case of elementary geometries the approximation is the sum of its two asymptotes and . Therefore, following the same criteria with the two asymptotic extremes (B-5) and (B-10):
This equation generalizes equation (10) for a parallelepiped and a finite cylinder. Thus, for elementary geometries and this equation matches the corresponding equation (10) for elementary geometries. 
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Flat plate Infinite Cylinder Sphere Fig. 3 . Distribution of the error occurring when the complete series (Eq. 7) is substituted by its first partial series for elementary geometries (Eq. 8).
20 Only the values of the slope are compared, and therefore the lag factor is taken in both cases to minimize the error in each one. 
